A Chebyshev pseudo-spectral method for solving numerically linear and nonlinear fractional-order integro-differential equations of Volterra type is considered. The fractional derivative is described in the Caputo sense. The suggested method reduces these types of equations to the solution of linear or nonlinear algebraic equations. Special attention is given to study the convergence of the proposed method. Finally, some numerical examples are provided to show that this method is computationally efficient, and a comparison is made with existing results.
Introduction
Many phenomena in engineering, physics, chemistry, and other sciences can be described very successfully by models using fractional calculus, that is, the theory of derivatives and integrals of fractional noninteger order. This allows us to describe real objects more accurately than by the classical "integer" methods; for more details see [7, 15, 19] . Moreover, fractional calculus is applied to model frequency-dependent damping behaviour of many viscoelastic materials [2] , economics [3] and dynamics of interfaces between nanoparticles and substrates [5] . Recently, several numerical methods to solve fractional differential equations (FDEs) and fractional integrodifferential equations (FIDEs) have been given [2, 4, 6, 8-10, 12, 14-25] .
Chebyshev polynomials are a well-known family of orthogonal polynomials on the interval [−1, 1] that have many applications [15] . They are widely used [2] A Chebyshev pseudo-spectral method for solving FIDEs 465 because of their properties in the approximation of functions. Recently, Kadem and Baleanu [13] presented a new procedure using Chebyshev polynomials for solving fractional integro-differential equations where a one-dimensional FIDE was converted into a system of FDEs based on the use of the Chebyshev polynomials. Kadem and Baleanu [14] also discussed fractional transport in three dimensions from the perspective of the new method in [13] based on the combined use of the Walsh function and Chebyshev polynomials of the first kind. Yuanlu [25] derived the Chebyshev wavelet operational matrix of the fractional integration and used it to solve a nonlinear fractional differential equation. In this work the FDE is converted into a FIDE via fractional integration; subsequently, the various signals involved in the fractional integral equation are approximated by representing them as linear combinations of the wavelet functions and truncating at optimal levels; finally, the integral equation is converted to an algebraic equation by introducing the wavelet operational matrix of the fractional integration.
In this paper we obtain the solution of FIDEs by using a different expansion. The proposed expansion is more direct or simpler (or both) than the existing methods we have discussed. We are concerned with the numerical study of the following nonlinear fractional integro-differential equation:
subject to the following boundary conditions:
where D α y(x) indicates the αth Caputo fractional derivative of y(x), F is a nonlinear continuous function, and γ 0 , γ 2 , β 0 and β 2 are real constants. We point out that, in the case α = 4, the fractional equation reduces to the classical fourth-order integrodifferential equation. Arikoglu and Ozkol [1] extended the fractional differential transform method (FDTM), which is a semi-analytical numerical technique, to solve the above problem. This paper is organized as follows. In Section 2 we introduce some necessary definitions and mathematical tools of fractional calculus theory which are required for our subsequent development. In Section 3 we obtain the approximation of the fractional derivative D α y(x). Section 4 summarizes the application of the Chebyshev collocation method to the solution of (1.1). As a result, a set of algebraic equations are formed and the solution of the considered problem is introduced. In Section 5, some numerical results are given to clarify the method.
2. Basic definitions of fractional derivatives DEFINITION 2.1. A real function f (x), x > 0, is said to be in the space C µ , µ ∈ R if there exists a real number p > µ, such that f (x) = x p f 1 (x), where f 1 (x) ∈ [0, ∞), and it is said to be in the space C m µ if and only if f (m) ∈ C µ , m ∈ N. 
where α > 0 is the order of the derivative and n ∈ N is the smallest integer greater than α, and f ∈ C n −1 . For the Caputo derivative we have [19] 
2)
where we use the ceiling function α to denote the smallest integer greater than or equal to α, and N 0 = {0, 1, 2, . . .}. Recall that for α ∈ N, the Caputo differential operator coincides with the usual differential operator of integer order. Like integerorder differentiation, Caputo's fractional differentiation is a linear operation:
where λ and µ are constants.
An approximate Caputo derivative using Chebyshev series expansion
The well-known Chebyshev polynomials are defined on the interval [−1, 1] and can be determined with the aid of the following recurrence formula [11, 15] :
where T 0 (x) = 1 and T 1 (x) = x. The analytical form of the Chebyshev polynomial of degree n is given by [15] T
In order to apply the Chebyshev polynomials in the interval [0, 1], we define the shifted Chebyshev polynomials T * n (x). These are defined in terms of the Chebyshev polynomials T n (x) by the following relation [15] :
and by the following recurrence formula:
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where
Now, we can use the well-known relation,
and (3.2) to obtain the analytical form of the shifted Chebyshev polynomials of order n as follows:
may be expressed in terms of the shifted Chebyshev polynomials as follows: 6) where the coefficients c n , n = 1, 2, . . . are given by
In practice, only the first (m + 1)-terms are considered. That is, for some m, y(x) is approximated by
THEOREM 3.1 (Chebyshev truncation theorem). The error in approximating y(x) by the sum of its first m terms is bounded by the sum of the absolute values of all the neglected coefficients. That is, if
then, for all y(x), all m, and all x ∈ [−1, 1], we have
PROOF. The Chebyshev polynomials are bounded by 1, that is, |T k (x)| ≤ 1 for all x ∈ [−1, 1] and for all k. This implies that the kth term is bounded by |c k |. Subtracting the truncated series from the infinite series, bounding each term in the difference, and summing the bounds gives the theorem. The main approximate formula for the fractional derivative of y(x) is given in the following theorem. 
PROOF. Since Caputo fractional differentiation is a linear operation we have
Now, to evaluate D α (T * n (x)), applying Equations (2.2), (2.3) to (3.5):
Since T * n (x) is a polynomial of degree n, we have:
A combination of (3.13)-(3.15) leads to the following form:
which is the desired result. 2
Test example. Consider the formula (3.11) with y(x) = x 2 , m = 2. The shifted series of x 2 is
which is the same result as if we evaluate D 1/2 (x 2 ) by relation (2.3). 
Chebyshev collocation method
In this section we introduce a discretization formula of (1.1) using the Chebyshev collocation method. To achieve this aim, we approximate y(x) as c n T * n (x p ),
By using the Gaussian integration formula, for p = 0, 1, . . . , m − α , we get
where the τ q are the m + 1 zeros of the Chebyshev polynomial T m+1 (t) and w q are the corresponding weights given in [6] . The idea behind the above approximation is the exactness of the Gaussian integration formula for polynomials of degree not exceeding 2m + 
Equation (4.5), together with α equations of initial conditions or boundary conditions, give (m + 1) nonlinear algebraic equations which can be solved for the unknowns c n , n = 0, 1, 2, . . . , m, using Newton's iterative method. Consequently, the function y(x) given in (1.1) can be calculated.
Comparison with numerical results
In this section, we implement our proposed method to solve three examples. These examples can be used as a basis for comparison with other methods such as the Adomian decomposition method (ADM) and fractional differential transform method (FDTM). We implement the suggested method with m = 6, and we approximate the solution as
Using (4.5) we get [8]
A Chebyshev pseudo-spectral method for solving FIDEs 471 with p = 0, 1, . . . , 5, where x p are roots of the shifted Chebyshev polynomial T * 6 (x) and their values are
Also τ q are the roots of Chebyshev polynomial T 7 (x) and their values are which is the exact solution of (5.1). EXAMPLE 2. Consider the linear fourth-order fractional integro-differential equation [1, 17] ,
with the following boundary conditions:
In the case α = 4, the exact solution is known and it is given by y(x) = 1 + xe x .
To solve this example, we implement the method suggested in Section 4 for α = 3.25 with m = 20 and for α = 3.75 with m = 10. The numerical results of our method and those obtained from ADM used in [17] and FDTM considered in [1] are presented in Table 1 . The behaviour of the exact and approximate solutions (our method) of this example when α = 4 is presented in Figure 1 . 8) subject to the following boundary conditions:
When α = 4 the exact solution is known and given by y(x) = e x . To solve this example, we implement the method suggested in Section 4 for α = 3.25 with m = 18 and for α = 3.75 with m = 22. The numerical results of our method and those obtained from ADM used in [17] and FDTM considered in [1] are given in Table 2 . The behaviour of the exact solution and approximate solution (our method) of this example when α = 4 is presented in Figure 2 .
From the obtained results we can draw the following conclusions.
(1) The approximate solutions given by the proposed method are in high agreement with the exact solution for α = 4. (2) The results obtained by the proposed method are in excellent agreement with the results of both ADM and FDTM. (3) The accuracy of the proposed method can be improved by using more terms of shifted Chebyshev polynomials, that is, by increasing m.
Summary and conclusions
In this paper, we presented a numerical method for solving the linear and nonlinear fractional integro-differential equations of Volterra type. An approximate formula for the Caputo derivative using Chebyshev series expansion was derived. The properties of Chebyshev polynomials together with the Gaussian integration method were utilized to reduce the fractional integro-differential equations to the solution of algebraic 
